This paper analyses the dynamics of dual-channel energy supply chain model with heterogeneous retailers (as regards the type of expectations' formation). On the basis of analyzing the stabilities of four fixed points in the three-dimensional dynamic system, local stable regions of Nash equilibrium are obtained. Effects of S on the stable regions and profit are studied. Simulation results show that the adjustment of price speed has an obvious impact on the complexity of competition. The performances of the model in different period are measured by using the index of average profit. The results show that unstable behavior in economic system is often an unfavorable outcome. So this paper discusses the application of parameters control method when the model is in chaos and then allows the oligarchs to eliminate the negative effects.
Introduction
A number of industrial and governmental statistical reports show that commerce on the Internet is growing at an attractive rate. It means that consumers can get product from dual-channel which is the traditional retail channel and online direct channel in the market. With the emergence and development of the online channel, much previous research on dual-channel management tends to focus on pricing strategies. Balasubramanian [1] models competition in a dual-channel environment from a strategic perspective and shows that the level of market coverage can be used as a mechanism to control competition. Chiang et al. [2] argue that the vertically integrated direct channel allows a manufacturer to constrain the partner retailer's pricing behavior. Hua et al. [3] show that the difference between the demand transfer ratios in the two channels with respect to lead time and direct sale price and customer acceptance of the direct channel have great effects on the lead time and pricing decisions. Furthermore, some researchers have studied pricing strategies under information asymmetry [4] [5] [6] .
However, most of the discussion grounds are focused on well-established and sophisticated microeconomics of retailers, which prevalently either is in a static context or assumes retailers' perfect foresight. So the above papers are unable to explain the dynamic behaviors of the economic system. The dual-channel market describes the structure of oligarch competition model. It is the main characteristic of interdependence that makes oligarch consider the reaction of the competitor. In an oligarch competition, the firms are either output or price setters; refer to Cournot [7] and Bertrand [8] . Rand [9] may be the first man who suggested that the Cournot adjustment process may also fail to converge to a Nash equilibrium and may also exhibit cyclical and even chaotic dynamics. Puu [10] [11] [12] found that the Cournot duopoly model can appear as a strange attractor with fractal dimension, and he studied the strategy of the duopoly game. Agiza et al. [13] [14] [15] have studied the complex dynamics of abounded rationality duopoly game with a nonlinear demand function. The modification of the duopoly game depends on the strategy that the firms use, such as homogeneous and heterogeneous, and the expectations of the output the firms have to maximize, such as bounded rationality, naive expectation, and adaptive expectation. Bischi et al. [16] [17] [18] gave the general formula of the oligopoly model with a form of bounded rationality. They discussed the global and local stability of the duopoly game with a particular form of bounded rationality. Ma and Pu [19] studied complex behaviors of a CournotBertrand mixed duopoly model with the application of nonlinear dynamics theory. Wang and Ma [20] , based on the players with bounded rationality, proposed a CournotBertrand mixed game model and discussed the stability of the system. Aims of all the modifications previously mentioned or not are to make oligarch competition model become economically more justified in the world. In recent years, several scholars have considered more realistic questions, such as Ma et al. [21, 22] who studied bounded rational oligarch game from insurance and R&D input competition market; they found the chaos phenomenon and proposed some control methods.
In our paper, we considered one online direct retailer and one dual-channel retailer in the market. We assumed that the dual-channel retailer made price decision through both network and traditional channel. Based on the analysis of this situation, we established the corresponding dynamic price game model. Local stable regions of Nash equilibrium and effects of on the stable regions and profit are studied. Adjustment of price speed has an obvious impact on the complexity of competition. The results show that unstable behavior in economic system is often an unfavorable outcome.
So the rest of this paper is as follows: In Section 2, we describe the model of dual-channel Bertrand Game with heterogeneous expectations. In Section 3, we study the local stability of equilibrium points in the model. In Section 4, we do simulation. In Section 5, the control measure is adopted. Finally, some conclusions are drawn in Section 6.
Model Framework

Assumptions.
The model is based on the following assumptions:
(1) The dual-channel retailer and online direct retailer sell similar products from different channels on the basis of price competition.
(2) The two retailers are with heterogeneous expectations. The dual-channel retailer is bounded rationality and the online direct retailer is thinking with adaptive expectations.
(3) The dual-channel retailers and online direct retailer have the same cost.
Model Construction.
We consider two oligopoly retailers in supply chain: one retailer sells products to consumers through network and the traditional store, while the other sells products to consumers only through the Internet. The structure of supply chain is as shown in Figure 1 . Different from the classic Bertrand model which is a special game model with price as its decision varies, the dual-channel retailer makes price decision both in the tradition channel and network channel. The online direct retailer makes price decision in network channel. The demand function is given by
Here subscripts , represent the dual-channel retailer and the online direct retailer, respectively. ( > 0) represents the possible largest demand.
(0 < < 1) represents the percentage share of the demand going to traditional channel. is the coefficient of price elasticity of demand. is cross-price coefficient which represents the retail price sensitivities of the demands in the traditional channel and direct channel. In reality, is related to channel loyalty. To make the discussion easier to follow, we
The cost function is linear, so the profit function of dualchannel retailer is
The profit function of online retailer is
Based on first-order conditions of the profit function / = 0, we can calculate the optimal reaction function of each retailer, and the intersection of reaction function (4) is the Bertrand Nash equilibrium point:
As the price of the game among retailers is ongoing, price game process is repeated in the complex process for a long term. In oligopoly, game players can choose simple expectation rules such as naive or complicated as adaptive expectations and bounded rationality. The players can use the same strategy (homogeneous expectations) [23, 24] or can use different strategy (heterogeneous expectations). In this study we consider heterogeneous retailers such that each retailer thinks with different strategy to maximize his outputs.
We assume the dual-channel is bounded rationality player [17, 25, 26] . In reality, he could only get part of market information; hence they try to use local information based on estimation of marginal profit in the current period. That is, if the current marginal profit is positive, the retailer will raise his price in the next period. Otherwise, he will reduce it. The price adjustment process is
where is a positive parameter which represents the relative speed of price adjustment. The online direct retailer can revise their beliefs according to the adaptive expectations rules. If the online direct retailer thinks with adaptive expectations [27, 28] , its outputs are obtained with weights between last period's price decision and his reaction function (4) . Hence the dynamic equation of the adaptive expectation retailer has the form
where V is the speed of adjustment parameter of an adaptive player. If V = 1 then (6) of adaptive expectations is identical to naive expectation. This implies that naive expectation is a special case of adaptive expectations behavior. Then we get a discrete dynamic system of the dualchannel game model as follows:
Model Analysis
Equilibrium Solutions.
In system (7), let ( + 1) = ( ); then
We can get the equilibrium solutions. Before we solve for the equilibrium solutions of system (7), firstly, we assign some values to parameters by considering actual competition. Let = 4, = 0.7, = 0.6, = 1, = 0.3. Then we get the four equilibrium solutions of system, which are Obviously, 1 , 2 , and 3 are boundary equilibrium solutions, while 4 is the only Nash equilibrium solution.
Stability of Equilibrium Solutions.
To study the stability of the equilibrium solutions, we will calculate the Jacobian matrix of system (7):
where
Then we put the value of 1 , 2 , and 3 into (10); according to the conditions for the stability of equilibrium solutions, the moduli of all characteristic roots should be less than 1 [29] . So we can see that 1 , 2 , and 3 are unstable equilibrium solutions.
At the Nash equilibrium point 4 = (4.509, 4.109, 3.489), its Jacobian matrix is 
According to the Jury stability criterion, the necessary and sufficient condition of asymptotic stabilization at 4 is that all zero points of the characteristic polynomial are inside the unit circle of the complex plane. So the following four conditions must be met:
(1) = 1 − − − > 0,
Conditions (14) define a region of system stability in the place of the adjustment parameters which can be shown in Figure 2 (a). Equations (14) are conditions for local stability Mathematical Problems in Engineering 5 of the Nash equilibrium 4 which is asymptotically stable with the values of ( 0 , 1 , V). In the stable region, the price will reach the Nash equilibrium point by modulating limited times with random initial price. If the values of ( 0 , 1 , V) are out of the stable region, the market will lose stability or even fall into chaos.
As can be seen in Figure 2 , the system is stable in V ∈ [0, 1], which means V almost has no influence on the stability of system. The market is stable when V ∈ [0, 1] and the values of are small, but the market may be unstable when increases. In the stable region shown in Figure 2 , ranges of 0 and 1 are almost the same. The economic meaning of the stable region is that if the value of ( 0 , 1 , V) is in the stable region, prices of three firms, 1 , 2 , and 3 , will achieve the Nash equilibrium price after a number of games. Firm 1 and firm 2 should control their price adjustment speed to maintain the market stability.
Effect of on the Stable Regions and Profit.
In order to show the effects of the percentage share of the demand in traditional channel on the stable regions, we set = 0.3, 0.5, 0.7, respectively; according to the parameters above, we can get When we set = 0.3, 0.5, 0.6, 0.7, respectively; the Nash equilibrium 4 is also different which can be shown in Table 1 .
According to the profit function of dual-channel retailer and the profit function of online retailer, = 0 0 + 1 1 − ( 0 + 1 ) and = ( 2 − ) . The Nash profit equilibrium is also shown in Table 1 .
As can be seen from the comparison of Figures 2(a)-2(d), with the increase of the percentage share of the demand in traditional channel ( ), Nash equilibrium price ( 0 ) in traditional channel increases; Nash equilibrium prices ( 1 , 2 ) in network channel decrease.
With the increase of the percentage share of the demand in network channel (1 − ), Nash equilibrium profit of all the retailers increases. Figures 3, 4 , and 5 present the parameter basin plots in the ( 1 , 2 ) with different value of parameter V, in which different colors represent different states. The light blue indicates stable steady state and red is for cycles of period 2, green for cycles of period 3, yellow for cycles of period 4, black for cycles of period 5, pink for cycles of period 8, dark blue for chaos, and white for divergence (which means one of the players will be out of the market in economics). We can find that when the parameters ( 1 , 2 ) from the light blue area pass through yellow, pink, and dark blue areas in turn, system (7) enters into chaos through flip Mathematical Problems in Engineering Table 1 : Nash equilibrium and Nash profit equilibrium with different . bifurcation. When ( 1 , 2 ) from the black go to the dark blue area directly, system (7) enters into chaos through NeimarkSacker bifurcation.
Parameter Basin Plots.
Numerical Simulations for System
The main goal of this section is to show that the complicated dynamic features of the dual supply model with heterogeneous retailers. To provide some numerical evidence for the chaotic behavior of system (7), we present various numerical results here to show the chaoticity, including its bifurcations diagrams, Lyapunov exponents, strange attractors, and sensitive dependence on initial conditions. In order to study the properties of the dynamic model, it is convenient to take the parameters values assigned above. Figure 6 describes the Lyapunov exponents and price bifurcation with change of 0 when 1 = 0.2, V = 0.2. As shown in Figure 3 , the Nash equilibrium point is stable at 0 < 0.2508. With 0 increasing, the stability of equilibrium point changes; the system experiences period-doubling bifurcation and falls into chaos eventually. The positive Lyapunov exponent is used to mark the chaos. The system is in chaos when most of the Lyapunov exponents are positive. Figure 7 shows a chaos attractor of system (7), which is another characteristic of the system. The sensitive dependence on initial conditions is one of the important features of chaos. Figure 8 shows the changes of retailers different price separately with process of games when ( 0 , 1 , 2 ) = (1, 1, 1) and ( 0 , 1 , 2 ) = (1.001, 1, 1). From Figure 8 we can see that when 0 changes a little, the price decision will have distinct changes. Now we have studied the dynamic behavior in system (7) with change of V. Figure 9 shows that the changes of parameter V have no effect on system (7) when 0 = 0.2, 1 = 0.2; this means that the Nash equilibrium point is stable for 0 ≤ V ≤ 1. Figure 10 shows the profit of the two retailers in 50 games when the system is in a stationary period, two period-doubling bifurcations, and a chaotic period. Figure 11 shows the average profits of both retailers with respect to the change of 0 . From the figure, we see that when the price adjustment speed increases, the system goes through different stages. So we can make conclusions that the profit of the two retailers in a chaotic period is less than that in other periods. These explain why chaos is undesirable in the real market.
The Effect of the Price Adjustment Speed.
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The Effect of Parameters Changes on the Profit.
Chaos Control
Our study found that once the market is in chaos, the total profit of the system is less than that in the equilibrium state, so this kind of state is not expected to appear. However, the current situation is that the oligarchs often maximize profit by any kind of means in the process of marketization. So the market will be out of order and finally fall into chaos. It is particularly important for each party that some control measures need to be adopted timely to make the system return to its stable equilibrium. Therefore, we propose the adaptive adjustment mechanism [30, 31] to control system (7). Assume system (7) is generally described by ( + 1) = ( 0 ( ), 1 ( ), 2 ( )). Then the controlled system is
where is the adjustment parameter. Figure 12 shows the bifurcation diagram of price against the adaptive parameter . From Figure 12 , with control parameter increasing, chaotic system was gradually controlled at Nash equilibrium solutions. Figure 13 shows the cases of control parameters = 0.2 and = 0.35, under which the system rapidly converges to aperiodic-2 orbits and the Nash equilibrium solutions, respectively. In real market, we can consider a learning ability or adaptability of market. For instance, the retailers analyzed the information in the past and then adopted proper price adjustment speed.
Conclusions
In this study, a dual-channel supply chain model with a traditional retailer and an online direct retailer is proposed. Highlights of innovation included in the paper are the following 2 points:
(1) Performances of the model in different period are measured by using the index of average profit.
(2) Unstable behavior in economic system often brings an unfavorable outcome.
The bifurcations, chaos, and other complex phenomena were found and the chaotic features are justified numerically via computing Lyapunov exponents, showing the chaotic attractor and sensitive dependence on initial conditions. When chaos occurs, it breaks the whole system, and the market will become abnormal, irregular, and unpredictable. The system's performance was measured by the profits. With the increase of the percentage share of the demand in network channel (1 − ), Nash equilibrium profit of all the retailers increases. It can be found from our study that the optimal strategy is in the stable region of the Nash equilibrium. Once the market is in chaos, the profits of system are less than that of the system in equilibrium state. At last, we use adaptive adjustment mechanism to control the system, showing that the controlled system can delay chaos or even eliminate chaos completely. So it is particularly important for each retailer to adopt some control measures timely in order to make the system keep in stable state and avoid the loss of system profits.
